ABSTRACT The role of the vestibule in influencing the permeation of ions through biological ion channels is investigated. We derive analytical expressions for the electric potential satisfying Poisson's equation with prolate spheroidal boundary conditions. To allow more realistic geometries we devise an iterative method to calculate the electric potential arising from a fixed charge and an arbitrary dielectric boundary, and confirm that the analytical expressions and iterative method give similar potential values. We then investigate the size of the potential barrier presented to an ion by model vestibules of conical and catenary shapes. The height of the potential barrier increases steeply as an ion enters the vestibule and moves toward the constricted region of the channel. We show that the barrier presented by, for example, a 150 conical vestibule can be canceled by placing dipoles with a total moment of about 50 Debyes near the constricted region of the pore. The selectivity of cations and anions can result from the polarity of charge groups or the orientation of dipoles located near the constricted region of the channel.
INTRODUCTION
When an ion approaches the boundary between an aqueous electrolyte solution and a region of low dielectric strength, such as a protein wall or lipid bilayer, it experiences electrostatic repulsion due to induced charges in the dielectrics. If the boundary is an infinite plane, the electric potential due to it is equivalent to that from an imaginary image charge on the opposite side of the boundary from the real ion, but at the same distance; hence the term "image force" is used for this repulsion. The image charge is almost equal to the ion's charge; thus the repulsive force can be very large at small distances. Some other simple boundaries can be solved analytically using infinite series; we present the solution for a prolate spheroidal boundary in Appendix A. However, an analytical solution of the electric potential for more realistic channel geometries is not possible, and one has to use numerical techniques.
A cylindrical shape, used to model the gramicidin channel, has been a popular choice in the study of electrostatic potential barriers in channels (Parsegian, 1969; Levitt, 1978a,b; Jordan, 1981) . By exploiting cylindrical symmetry, the two-dimensional problem of finding induced surface charges can be reduced to solving a set of one-dimensional integral equations, which requires less computational effort. As computational power is now less of a limiting factor, it has become possible to solve the original two-dimensional problem without imposing any symmetry restrictions and to determine potential barriers in more general channel geometries.
Whereas the previous studies have been mainly concerned with the effects of an ion placed inside the membrane pore formed by a short peptide appropriate for the gramicidin channel (Jordan, 1981 (Jordan, , 1982 (Jordan, , 1983 (Jordan, , 1984a (Jordan, ,b, 1987  Levitt, 1978b) , we address here a different problem: that of understanding the roles vestibules play in selecting ions and transporting them across the cell membrane. A common feature among ion-selective channels, ligand-gated or voltage-activated, are prominent vestibules, which extend about 60 A above and 20 A below the membrane surface. This feature is not shared by gramicidin channels. The transverse section of the acetylcholine channel has been deduced by electron microscope image reconstruction using crystallographic methods (Toyoshima and Unwin, 1988) . Its vestibules appear to resemble catenaries.
We examined the influence of the dielectric boundary on an ion entering the vestibule, using an iterative method of computing the electric field at any point in two different dielectric media separated by an arbitrary boundary, for which Poisson's equation cannot be solved analytically. The method relies on the fact that the electric field of an ion in an electrolyte solution induces a surface charge density on the boundary. We divide the boundary into small sectors and calculate the charge density appearing on it due to the electric field from an ion in the electrolyte solution as well as that emanating from all other boundary sectors. After confirming that this numerical method of finding the electric potential agrees closely with that calculated with the analytical solution for a point charge outside a prolate spheroid, we compute the magnitudes of the repulsive force presented to an ion by vestibules, whose dimensions and shapes roughly correspond to that of the acetylcholine receptor channels (Unwin, 1989 (Unwin, , 1995 . We show that this repulsive force or energy barrier, unless it is canceled by dipoles located near the constricted region of the channel, 1628 Energy Barrier Presented by the Vestibules can severely attenuate the number of ions that can be transported across it.
METHOD Potentials in dielectric media
We wish to solve Poisson's equation for general channel geometries, without imposing any symmetries either on the channel shape or on the position of ions. Clearly, this cannot be achieved using analytical methods, and one has to resort to iterative numerical techniques. Because the solution of Poisson's equation is unique for a closed boundary, convergence of results ensures that the solution found is the correct one.
Before applying the iterative technique we reduce the three-dimensional boundary value problem to an equivalent two-dimensional problem. Denoting the two regions by 1 (water, -= 80) and 2 (protein or lipid, 62 = 2), the potentials in each region satisfy Poisson's equation
where p1 and si refer to the charge densities and the dielectric constants in the two regions. The constant so is the permittivity of free space. In addition, the potentials should satisfy the usual continuity conditions at the boundary P1= P2' s1Vp * n =s2Vfp2 n, For convergence, we use the condition
qmax where q(') is the largest charge in the nth iteration. The calculation is stopped when Si < 0.0001 for all surface charges. The condition of Eq. 9 is preferred over the usual one with q(f) in the denominator, because it requires fewer iterations without loss in accuracy. The reason is that induced charges at large distances are very small, making them sensitive to small changes in other charges. Thus they take a long time to converge to the same level of accuracy as the larger charges. Yet the effects of these small charges on the calculated potentials are negligible. We carried out the computations using a supercomputer (Fujitsu VP 2200) with a vector processor, which is well suited to this type of algorithm.
The iterative method outlined above allows the electric potentials inside and outside of any arbitrarily shaped vestibule to be computed. Moreover, we are able to include the effects of an external electric field caused either by a potential difference applied across the membrane and channel or by the presence of monopoles or dipoles on the protein wall.
Curvature compensation
Because of the simplifying assumption that sectors are flat, and the induced charge on each sector is affected by the charges on all other sectors but not by their own charge, our method produces small but systematic errors when used on curved surfaces. It overestimates the potential near convex surfaces and underestimates that near concave surfaces. These errors can be reduced by spacing the surface points more closely, but there is a practical limit to the number of points that can be used, imposed by the available computer time and memory.
We use a method of compensating for curved sectors by incorporating an estimate of self-interaction into the polarizability of each sector. We assume that the charge density a is constant across the sector, and that the electric field E and normal n at the center of the sector are representative of the whole sector. The charge density is then given by where 0rext is the charge density due to the external field, and Orself iS the charge density due to self-interaction. Because we assume that the charge density is constant across the sector, 0Jself is directly proportional to ur. 
We now define the modified polarizability P' so that it generates the full surface charge density from the external field alone Superimposed on this is the potential energy calculated by using the iterative method (filled circles). The values derived from the iterative method differed at most by 0.5% from those obtained from the analytical solution. The fractional error is given in Fig. 1 We form the channel surface by rotating the closed curve around the symmetry z axis. An example of one such biconical channel is shown in Fig. 2 . The biconical channels have a cylindrical neck region of length 10 A and radius 4 A, conical vestibules with a side length of 36 A and an angle of 100 to 90°t o vertical, annular top and bottom sections with a length of 10 A, and a cylindrical side section. We connect these sections with curved corners to keep the surface smooth, as suggested by Jordan (1982) . The inside corners, between the neck, the vestibules, and the top and bottom, have a radius of 5 A. The outside corners between top, side, and bottom have a radius of 10 A. The vestibules of catenary channels are formed by rotating a section of catenary; otherwise they are the same as biconical channels (see Fig. 4 
a).
We place boundary points for channels by dividing the boundary vertically into rings, and each ring horizontally into equal segments. We keep the angle of horizontal spacing the same for all rings. This means that the spacing gets larger in proportion to the radius and that segments in adjacent rings line up vertically. We keep the vertical spacing between rings approximately equal to the horizontal spacing between segments in those rings. We used a horizontal angular spacing of 150 in the simulations, yielding a FIGURE 2 A transverse section of a 15°biconical channel. The surface of the model channel is generated by rotating the closed curve illustrated in Fig. 3 Ize that varies from 1 A at the neck region to 10 A channel vestibule have a negligible effect on the potential ack of the channel (see Fig. 3 a) . Typically, a energy of the ion inside of the vestibule. This is a reasonable surface was divided into about 1600 sectors. The approximation, because the induced charge on the boundary of floating point operations needed to construct a due to an ion at the position r from it decreases as h/r2 (see f energy barrier was on the order of 1010. Fig. 2 contains 400 water molecules. Thus, on the determination of electrostatic potentials in the average there is only one ion in such a vestibule. Furtherhannel computationally tractable, we make the folmore, we limit our discussion of channel potentials here to simplifying assumptions. First ( Fig. 3 a) , but the fractional error decreases with increasing distance (Fig. 3 b) . In these calculations, we took the thick-B ness t and the dielectric constant 62 of the intermediate layer to be 2 A and 41, respectively. At 2 A from the interface, for Axial distance (X) constricted region. The narrow transmembrane segment is 4 A in radius, and the wall of the conical vestibule is inclined 150 from the horizontal z axis, extending 38 A beyond the constricted region. At the entrance of the constricted region, labeled as 0 A in Fig. 4 Hoyles et al.
Biophysical Journal nel given by Toyoshima and Unwin (1988) . The vestibule is generated by a hyperbolic cosine function, y = a cosh x/a, where a = 4.75 A. The radius of the entrance of the vestibule is fixed at 15 A; in length and width of vestibules this channel is very similar to the 150 biconical channel (see Fig. 4 a) . The maximum height of the energy barrier obtained from this channel, shown in Fig. 5 b, is 20% lower than that from the 150 biconical channel (cf. Fig. 4 b) ; it is nearly equal to a 200 biconical channel (see later). The shape of the repulsive force the ion encounters as it traverses toward the neck region is slightly different from that obtained from the biconical channel, rising first slowly and then sharply as it approaches the maximum. Because the conical and catenary vestibules give qualitatively similar potential profiles, all of the subsequent results we illustrate are derived from the conical vestibule. The same qualitative conclusions can be drawn from the results of simulations on the catenary vestibule.
Induced surface charges
Because the polarity of the induced charges on the protein wall is the same as that of the ion, the predominant force on the ion is a coulomb repulsion. In Fig. 6 a, the pattern of induced surface charges on a biconical channel wall at a fixed position of the ion is shown. These are the surface charges from the equivalent system described above. The ion is on the central axis of a 150 bicone, midway between the entrance of the vestibule and the constricted region of the pore, as indicated with an asterisk in the inset. Because each segment on a ring contributes equally to the potential energy, we show charge density per unit length. The magnitude of induced positive charges, expressed in units of C m-1, is maximum at about the closest distance from the ion. They are distributed mainly on the walls of the cone and, to a lesser extent, on the wall of the constricted region of the pore. The induced counter-charges, not shown in Fig. 6 a, are located on the outer edge of the channel. The induced positive and negative charges computed with our numerical method approximately balance each other: the magnitude of the sum of negative charges exceeds the sum of positive charges by 2%. This small imbalance is presumably due to the much larger sectional areas used on the outer edge of the channel, where the negative charges are located. The way the magnitude and spatial distribution of induced charges change as the ion moves toward the constricted region is displayed in Fig. 6 b as a three-dimensional graph. For each graph (which represents a fixed position of the ion), the surface charge per unit of z axis length on thin rings of the biconical wall are computed, and these values are plotted against the z axis. The area under each curve gives the total induced charge on the channel wall, which is seen to grow rapidly as the ion moves in. The total amount of work required to move an ion from 10 A beyond the top of the channel to the beginning of the constricted region is plotted against the conical angle. As the conical angle widens from 100 to 900, the amount of work required decreases from 5 kTr to 1.7 kTr.
needs to surmount, in the absence of any anionic amino acid residue near the pore entrance, 1.7 kTr of the energy barrier.
(Throughout we will refer to the energy in room temperature units kTr, where k is the Boltzmann constant and Tr is 295°K; 1 kTr = 4.07 X 10-21 J = 2.45 kJ/mol). In contrast, the height of the energy barrier presented to the ion when the channel vestibule is a 100 cone reaches nearly 5 kTr at the entrance of the constricted region, labeled 0 A. In Fig. 7 Alternatively, the repulsive force can be counteracted by placing dipoles near the neck region of the channel. Fig. 8 b shows the systematic suppression of the potential barrier caused by placing dipoles on the protein wall of the constricted region. Four dipoles, positioned 900 apart and parallel to the z axis, are placed such that the negative charges are located at the beginning of the constricted region (labeled 0 A in Fig. 4 a) , and the positive charges 5 A further inside. For computational convenience, the total dipole moments applied are varied by changing the amount of charge on each of the four dipoles. Because the dielectric constant for a charge at the boundary is not uniquely defined, we have used the average value for water and protein, which is equivalent to taking the sum of the charge and its image charge. The top curve in Fig. 8 The vertical orientation of dipoles described above yields the maximum effect in the vestibule but is unrealistic, as the positive charges on the walls of the constricted region would completely block the channel to cations. A more likely scenario is that the dipoles are oriented 50-600 from the channel axis and are longer (8-10 A), which would result in a similar potential. As one would have expected from the results illustrated in Fig. 7 , the magnitude of the applied potential and of the dipole moments required to counteract the repulsive force decreases with the angle of the cone. The electric potential and dipole moment needed to eliminate the potential barrier in the vestibule are plotted against the angle of the cone in Fig. 9 . For a gramicidin-like channel, the repulsive force presented to an ion by a planar lipid layer can be canceled by placing a dipole with a moment of about 16 Debyes near the entrance of the pore, assuming that the dielectric constant of the bilayer is the same as that of the protein. Trajectory of the ion The path of minimum resistance for an ion to penetrate the vestibule is the central axis. As the ion moves away from the central axis the potential barrier increases, at first gradually and then steeply as the ion approaches the vestibular wall to within 3 A. This effect is shown in Fig. 10 a for the 150 biconical channel. The ion is moved 1.75 A from the vestibular walls at the ends of each horizontal track. To reduce the errors, the grid size for this series of simulations is reduced to half of the usual spacing. The number accompanying each curve is the distance of the ion from the constricted region of the channel, in angstroms. As the vestibule narrows the ion is confined to a decreasing region around the central axis. This is clearly shown in Fig. 10 b, in which the magnitude of force on the ion directed toward the z axis is plotted. Again, the numbers accompanying the curve represent the distance of the ion from the constricted region of the channel.
Effects of excess dipoles
In the previous section, we showed that the repulsive force resulting from induced charges can be canceled by a dipole FIGURE 11 Attractive potentials created by excess dipoles. (a) Dipoles with a total moment of 96 Debyes, nearly twice that required to cancel the repulsive image force, are placed on the walls of the constricted region. The potential energy (solid line) and electric potential (broken line) created by these dipoles, the dielectric boundary, and, in the case of the potential barrier, a monovalent cation are plotted against axial distance. The potential well rapidly decays with distance from the location of the dipoles. (b) The potential barrier presented to a second ion entering the vestibule, given that one ion already is located in the region of maximum potential well, is plotted against axial distance. In the inset, the location of the first ion (filled circle) and the trajectory of the second ion (open circle and arrow) are schematically shown. The second ion is allowed to approach the first ion within a distance of 10 A. The number accompanying each curve is the moment of the dipoles (X 10-30 C m) placed in the constricted region. dipoles and dielectric boundary in the absence of any cations (broken line). It also shows attractive energy well felt by a monovalent cation in the vestibule due to the dipoles (solid line); this includes the image repulsion. There is an energy well of about 5 kTr near the entrance of the constricted segment. The attractive potential decays nearly exponentially and reaches the lie value at a distance of 10 A from this maximum. Clearly, there will be an increased probability of finding an ion in the region of the maximum attractive potential.
However, even in the presence of such an energy well, the probability of finding two cations in the vestibule is not appreciably increased. Fig. 11 b shows the energy barrier seen by the second ion as it enters the vestibule, given that the first ion is already confined in the potential well. In the inset, the position of the first ion (filled circle) and the trajectory of the second ion (open circle and solid line) are indicated schematically. When the moment of dipoles in the neck is 48 Debyes, just sufficient to cancel the repulsive force, the height of the energy barrier presented to the second ion increases to about 6 kTr as it comes within 10 A of the first ion (solid line). The barrier height halves when the moment of dipoles is increased to 96 Debyes (dashed line). It is only when the dipole moment is tripled to 144 Debyes that the potential barrier presented to the second ion in the vestibule disappears (broken line), and the mean distance between the two ions inside the vestibule becomes similar to that in bulk electrolyte solutions.
Because some biological ion channels are permeable to calcium, it is relevant to investigate the magnitude of repulsive force and the height of energy barrier presented to a divalent ion. The two curves shown in Fig. 12 a are calculated in the same way as those illustrated previously (Fig.  4) , except that the ion carries two elementary charges. The barrier height and repulsive force for a divalent ion are four times, not twice, those for a monovalent ion. However, as shown in Fig. 12 b, the image force experienced by the divalent ion can be nearly canceled by the total dipole moment of about 100 Debyes, twice that required to have the same effect on a monovalent ion. DISCUSSION Using the iterative method described above, we have determined the heights of the energy barriers presented to an ion by conical vestibules with an angle of 10' to 90°as well as a catenary vestibule. Levitt (199la, b) proposed a theoretical scheme for calculating channel conductances from potential energy profiles using a modified Nernst-Planck equation. By combining our iterative method of deducing a potential profile for any arbitrarily shaped channel with Levitt's analytical method, it should now be possible to make testable predictions about how channel conductance will vary with various channel configurations. One conclusion emerging from our simulations is that the height of the potential barrier presented to an ion by the dielectric bound- curve is the moment (X 10-30 C m) of dipoles positioned at the constricted channel region. The minimum dipole moment required to cancel the repulsive image force is twice that required for a monovalent ion (cf. Fig. 8 ).
ary of the vestibular wall is large compared to the ion's average kinetic energy. The peak height at the bottom of the vestibule, when the conical angle is, for example, 15°, is about 4 kTr (Fig. 7) . It requires nearly 250 mV of applied electric potential to drive the ion against such a barrier (Fig. 8) . The probability that an ion entering the vestibule can successfully surmount a potential barrier of height V can be calculated using either simple statistical mechanics (Kuyucak and Chung, 1994) or the continuum equation (Dani and Levitt, 1990 ), or more rigorously by using the Fokker-Planck equation (Cooper et al., 1988 Energy Barrier Presented by the Vestibules methods basically give the Boltzmann factor e-vfkTr; thus, the probability of transmission across such a barrier is rather low (e-4 = 0.018). We note that the constricted segment of the channel will present a further barrier to passage of ions, reducing the above probability even more. Because of this barrier the presence of charged groups in the vestibule is a prerequisite for the free passage of an ion through the channel. If the vestibule in the ion channel has indeed shape and dimensions similar to those given by Toyoshima and Unwin (1988) , then the repulsive force due to the charges on the vestibular wall will severely restrict transport of an ion unless several charged residues are placed near the channel's constricted region. The current across the channel, in the absence of such charge groups, will be attenuated by a factor of around 55. The number of charge groups required to eliminate the potential barrier depends on several factors. Among these are the location of counter charges (or the orientation and the strength of dipole moments) and the exact shape of the vestibule. In our calculation, it was assumed, for simplicity, that the dipoles are oriented parallel to the z axis, with the negative charge pointing to the mouth of the vestibule. With this assumption, the dipole moment needed to cancel the repulsive force on the ion is 1.75 X 10-28 C m (or -50 Debyes) for a 15°c onical vestibule (Fig. 9) . This is the minimum moment required; if the orientations of the dipoles are not perfectly parallel, the total moment required will be greater.
It is apparent that the selectivity of anions and cations can result from the polarity of charge groups or the orientation of dipoles located in the vestibule. For cationic channels, negative charges must be nearest to the entrance of the vestibule, whereas for anionic channels, positive charges must be closer. That the channel is permeable to a cation only when several dipoles are pointing away from it and impermeable otherwise raises an intriguing possibility that the passage or blockage of the ion could be controlled by a field-effect gate. This is one of the several possible mechanisms considered by Hille (1992) by which the channel may open and close. In principle, the gating could be controlled by the rotation of several dipoles, and the function of the vestibules might be to reduce leakage when the channel was closed, but whether such a mechanism operates in real biological channels remains to be investigated.
It is possible that there are more charged residues near the constricted region of the channel than the minimum number required to counteract the repulsive image force presented to the ion by the vestibule. The results of our simulation reveal that the presence of excess dipoles will have the effect of concentrating ions in the vestibule in the sense of increasing the probability of finding an ion in the small volume near the constricted region (see also Jordan, 1987) . However, excess dipoles will not concentrate ions in the sense of attracting many ions into the vestibule, so that the concentration throughout the vestibule is significantly higher than that in the bulk solution. When there are twice as many dipoles as the minimum required, a potential barwithin 10 A of the first ion. With three times as many dipoles, the repulsive interaction between the two ions in the vestibule disappears, and the mean distance between the ions will be kept at the Debye length, as in bulk electrolyte solutions (Fig. 11 ). The precise effect the excess charge groups will have on the conductance of single channels can be revealed by detailed calculations involving the Brownian dynamics method. The dependence or independence of conductance on the number of charged groups in the vestibule is an important point for further exploration. What is clear from our studies, however, is that a channel will become permeable to divalent ions if there are about twice as many dipoles as the minimum required. This fact may prove to be a valuable guide in determining the tertiary structure of the channel from its primary amino acid sequence. It must be emphasized that conclusions drawn or inferences made from electrostatics are valid only in regions that are large compared to the diameters of water and ion molecules. Calculations involving dielectric constants and interactions between point charges describe the behavior of particles at the macroscopic level. In the channel region where the radius is less than 4 -5 A, the dielectric constant falls off very fast with decreasing radius. This is the region of the nearest-neighbor water molecules, in which the representation of the dielectric as a continuous medium is a very poor approximation. For this reason, we have not attempted to calculate the potential profile inside of the constricted segment of the channel or attempted to estimate what the dielectric constant in it might be (cf. Monoi, 1991) . Clearly, molecular dynamics calculations such as those reported for the gramicidin channel (e.g., Mackay et al., 1984; Roux and Karplus, 1991; Chiu et al., 1989) will be needed to elucidate the permeation process inside this region. By the same token, the values quoted for the dipole moments in the neck region should be taken as macroscopic estimates that require further microscopic studies.
APPENDIX A: SOLUTION OF ELECTROSTATIC POTENTIAL FOR A PROLATE BOUNDARY
Here we present the analytical solution for a point charge outside a prolate spheroid, the coordinate system of which is shown in Fig. 13 . The charge q is in a dielectric medium with constant el, and the spheroid has a dielectric constant e2. The surface of a prolate spheroid is defined by the relation r, + r2 = constant, where r, and r2 are the distances from the two focuses of the spheroid r, = [x2 + y2 + (z -a/2)2]1/2 (20) Solution of the Laplace equation is given in terms of the Legendre functions P', Q' and cos m4), sin m+). Because Qn diverges near zero, the 1 solution has only P', whereas the ( solution could have either, depending on the boundary (Morse and Feshbach, 1953 Morse and Feshbach (1953) 
Here the primes denote derivatives, which are given by 1 2[(n + 1)(Pn -(n -m + 1)Pnm ],
with an identical expression for Qn". The terms in the summation correspond to multiple image charges similar to multiple reflections in parallel mirrors.
The potential plotted as a function of the distance from the protein-water interface in Fig. 3 is calculated from Eq. 38.
The calculations upon which this work is based were carried out using the Fujitsu VP 2200 of the ANU Supercomputer Facility. Throughout the course of this study, Sarah Lendon has provided excellent technical assistance, for which we are grateful. 
